Thrust and torque generated by a model rotary wing were measured at an ultra-low Reynolds number, Re ¼ 4 Â 10 3 , for various aspect ratios with and without linear blade twist. The measured characteristics were compared with those calculated by the method which is well known to be effective for analyzing a rotary wing at a high Reynolds number. The method combines annular momentum theory and blade element theory. This calculation method can give the quantitative explanation of the effects of the aspect ratio and of linear blade twist on the characteristics of the rotary wings. The calculation results also indicate that the present calculation method has the capability of giving an accurate quantitative estimation of rotary wing performance with the blade aspect ratio larger than 10, operating at the ultra-low Reynolds number.
Nomenclature AR: aspect ratio; AR ¼ R=c C L , C D : lift and drag coefficient of a three-dimensional wing C ' , C d : lift and drag coefficient of a blade element C C ' , C C d : lift and drag coefficient averaged along the blade span C Qi : torque coefficient due to induced drag C Qp : torque coefficient due to profile drag C T , C Q : thrust and torque coefficient c: chord length Q: torque R: radius of a rotary wing R 0 : hinge offset of a rotary wing Re: Reynolds number r: span-wise position T: thrust t: thickness X-Y-Z: coordinate system : collective pitch or angle of attack v: kinematic viscosity : air density : solidity of rotary wings; ¼ 2c=R : inflow angle; ¼ =R! (: induced velocity) !: rotational speed
Introduction
Recently, small helicopters are being actively developed for environmental measurements over urban areas. For designing rotary wings for small helicopters, characteristics such as thrust and torque coefficients for wings at ultralow Reynolds number, such as Re ¼ 4 Â 10 3 , must be determined. A simple theoretical method for such an estimation is urgently needed. One possibility is to apply a theoretical method that is already commonly used for designing rotary wings at high Reynolds numbers, such as Re ¼ 3 Â 10 6 . We measured the thrust and torque on model rotary wings of various blade aspect ratios with and without linear blade twist at an ultra-low Re of 4 Â 10 3 . The measured results were compared with the results calculated using a method that is commonly used for designing high Re and that combines annular momentum theory and blade element theory. 1) If this analytical method can be successfully applied to rotary wings at ultra-low Reynolds numbers, then the design process of rotary wings for small helicopters can be significantly accelerated and simplified.
Measurements

Materials and methods
A pair of blades was attached to a motor via a 6-mm-diameter joint cylinder mounted onto a load cell (LMC2909, Nissho Electric Works, Japan). The blades rotated around the joint cylinder in the X-Y plane (The rotating axis corresponds to the Z axis). The load cell measured the force in the Z direction, T, and the moment around the Z axis, Q. The maximum T was 5 N, and maximum Q was 0.25 Nm. The output signals from the load cell (T and Q) are affected by all the forces in the X, Y, and Z directions and moments around the X, Y, and Z axes acting on the load cell. However, because the cross-talk between the forces and moments was small, the measured T and Q were considered to be equal to the actual T and Q, respectively, acting on the load cell. Here, the forces acting on the joint cylinder were much smaller than those acting on the wing. Ó 2004 The Japan Society for Aeronautical and Space Sciences Table 1 shows physical data for the four kinds of model blades tested here. Planform of all the blades was rectangular and the cross-section shape was also a rectangle with 5% thickness ratio. The radius of the rotary wings R was 120, 170, or 270 mm and the corresponding blade aspect ratio AR was 6, 8.5, or 13.5, respectively, and the corresponding solidity of the rotor was 0.11, 0.075, and 0.047, respectively. In this study, the effect of AR on the characteristics of the rotary wings also indicates that of , because of ¼ 2=AR. Two wings of R ¼ 170 mm were tested, one with no linear blade twist and one with linear blade twist linear along the span. The twist angle, defined as the angle between the chord at the blade root and that at the blade tip, was 5.1 deg. For all the blades, hinge offset R 0 was 20 mm.
In the measurements of T and Q, the collective pitch defined at the blade root was set between À10 and 45 deg. The Re is defined as follows and its value here was 4 Â 10 3 :
The characteristics C T and C Q of each rotary wing were then determined by non-dimensionalizing the measured T and Q as follows:
Experimental uncertainty
The bias errors were due mainly to the load cell and strain amplifier. The maximum bias error was less than 5%. The precision error was mainly due to the collective pitch measurement and the rotational speed measurement. This error produced scatter in the C T and C Q data, resulting in an error of 10%.
The total measurement errors from these two sources in C T and C Q were, therefore, less than ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 5 2 þ 10 2 p % 11%. These errors were small enough relative to the differences in characteristics of the four wings that they were ignored.
Analysis
The T and Q acting on the rotary wings were calculated by a method that combines annular momentum theory and blade element theory 1) and is well known to be effective for analyzing a rotary wing at a high Re. The characteristics for 2D wing, that is the rectangular cross-section with 5% thickness ratio, at Re ¼ 4 Â 10 3 were required for the calculation. The characteristics of the 3D wing, whose cross-section shape was a rectangle with 5% thickness ratio, were measured by Sunada et al.
2) The planform of the wing was a rectangle with AR ¼ 7:25. The characteristics of this 3D wing, C L and C D , are shown by the solid lines in Figs. 1(a) and 1(b), respectively. The characteristics of the 2D wing were estimated from those of the 3D wing by the potential flow theory. The way of the estimation is stated in Ref.
3). The characteristics of the 2D wing were estimated using the linear portion of the plot of vs. C L , that is À8 deg < < 8 deg. The estimated characteristics of the 2D wing, C ' and C d , are shown by the dashed lines in Figs. 1(a) and (b), respectively. The estimated lift slope of the 2D wing is 7.5, which is larger than the 2 calculated by using thin-airfoil theory for a 2D wing. There is also the possibility that the method we used to estimate the characteristics of the 2D wing from those of the 3D wing is not valid for the ultra-low Re studied here, and therefore the estimated characteristics of the 2D wing might contain errors. In addition, the characteristics of the 2D wing can not be obtained from those of the 3D wing, when the relation between and C L is not linear. Then, analysis using both the characteristics of the 3D wing and those of the 2D wing were made, though, 
in theory, those of the 2D wing should be used. In the comparison between the measured and analytical characteristics, the analysis using the characteristics of the 3D wing and the 2D wing are named Analysis 3D and 2D, respectively. The following are observed about the wings with no linear blade twist (Figs. 2, 3 and 4) : When the analytical C T = increases with increasing , the differences of the C T = and C T =C Q between the measurements and the analyses are observed. The differences of the C T = and C T =C Q are smaller as AR is larger. When the analytical C T = does not increase with increasing , the measured C T = still increased and is larger than the analytical C T =. Usherwood and Ellington 4) also reported that thrust by a rotary wing at a high is larger than that estimated based on wing characteristics in steady forward motion and that this is caused by the leading edge vortex. As shown in Figs. 2(b), 3(b) and 4(b), the collective pitch for the measured maximum value of C T =C Q is larger than that for the analytical one. And the collective pitch for the measured maximum value of C T =C Q is smaller as the AR is larger. This was also indicated 3) at any Re by a simple analysis combining simple momentum theory and blade element theory. This effect of AR on for the maximum C T =C Q in the analyses is much smaller than that in the measurements. Then the difference of for the maximum C T = between the measurements and the analyses is smaller as AR is larger. Figure 5 shows that, when the analytical C T =C Q increases with increasing , the measured C T = and C T =C Q agree with the analytical values. On the other hand, when the analytical C T =C Q decreases with increasing , the measured C T = and C T =C Q are larger than the analytical values. Comparing Figs. 3 and 5, both the measured and analytical C T =C Q of the rotary wings with the linear blade twist are larger than those of the rotary wings without linear blade twist, for a given C T . This suggests that the proper blade twist can increase C T =C Q , a correlation well known for wings at high Re.
Results and Discussion
When is large (>15 deg), the differences of C T =C Q between the measurement and the analysis are small (Figs.  2(b), 3(b), 4(b) and 5(b) ). This good agreement of C T =C Q at large can be explained as follows. According to blade element theory, thrust dT and torque dQ acting on a blade element at span-wise position r are 
When is large, the aerodynamic force acting on the blade element is mainly the normal force on it. Therefore,
Substituting Eq. (6) into Eq. (5) yields
This equation indicates that C T =C Q decreases with increasing and that C T =C Q at ¼ 45 deg is about 1.33, which are observed in Figs. 2(b), 3(b), and 4(b). Figure 6 shows the effects of AR of the rotary wings with no linear blade twist on the measured and analytical (Analysis 3D) C T =, C Q =, and C T =C Q , for various . At ¼ 5 and 15 deg, the measured and analytical C T = increase with increasing AR (Fig. 6(a) ), and the increase in C T = at ¼ 5 deg is larger than that at ¼ 15 deg. This increase in C T = can be explained as follows. The C T = has two components, one due to C ' and one due to C d . With increasing AR, the decreases and the effective angle of attack À increases, which in turn increases C ' ð À Þ and drag coefficient C d ð À Þ. At ¼ 5 and 15 deg, the C ' is much larger than the C d , as shown in Fig. 1 . Then, at ¼ 5 and 15 deg, the increase of the C ' with increasing AR causes to increase that of the C T =. And the increase in C T = with increasing AR at ¼ 5 deg is larger than that at ¼ 15 deg, because the increase in C ' with the increase of around ¼ 5 deg is larger than that around ¼ 15 deg. At ¼ 25 deg, neither the measured nor analytical C T = increase with increasing AR (Fig. 6(a) ). At % 25 deg, C d is not much smaller than C ' , as shown in Fig. 1 . The increase in C T = due to the increase in C ' cancels the increase in ÀC T = due to the increase in C d . Therefore, at % 25 deg, C T = does not increase with increasing AR.
Figure 6(b) shows that the measured and analytical C Q = increase a little with increasing AR (>15). This relation between C Q = and AR can be explained as follows. Torque acting on the rotary wing is composed of two components, C Qi due to induced drag acting on the blade elements and C Qp due to profile drag acting on them. Figure 7(a) shows C Qi and C Qp at Re ¼ 4 Â 10 3 . As explained above, when AR increases, C d ð À Þ increases, which in turn increases C Qp . Similarly, when AR increases, C ' ð À Þ increases and decreases. The induced drag, which is proportional to the product of C ' and , is nearly independent of AR. Thus, C Qi is independent of AR. In summary, when AR increases, C Qp increases and C Qi remains relatively constant. Because C Qp is larger than C Qi and is the dominant compo- Fig. 6(b) , increases when AR increases. Figure 6 (c) shows that, at ¼ 5 deg, the measured and analytical C T =C Q increase with increasing AR, whereas at ¼ 15 and 25 deg, they are nearly independent of AR. These results are due to the relation between AR and C T =, C Q = explained in the preceding paragraph. Figures 8(a), (b) , and (c) compare the C T =, C Q = and C T =C Q , respectively, at Re ¼ 4 Â 10 3 and Re ¼ 3 Â 10 6 . Both the measured and analytical (Analysis 3D) values are shown at Re ¼ 4 Â 10 3 , and only the analytical values are shown at Re ¼ 3 Â 10 6 . It is well known that the method used here (which is based on annular momentum theory and blade element theory) can estimate thrust and torque for a high Re, such as Re ¼ 3 Â 10 6 . The present analytical results are, therefore, reliable for the high Re. In the analysis for Re ¼ 3 Â 10 6 , the 2D wing characteristics of NA-CA0009 at this Reynolds number 5) were used. The airfoil/ cross-section shapes at Re ¼ 4 Â 10 3 and Re ¼ 3 Â 10 6 are a rectangle with 5% thickness ratio and NACA0009, respectively. Then, there is possibility that the differences of the characteristics of the rotary wings between these two Re, which will be stated hereafter, are affected by the difference between the airfoil/cross-section shapes. However, it will be stated that the differences of the characteristics of the rotary wings are mainly caused not by the difference of the airfoil/cross-section shapes but by the difference of the Re. Figure 8(a) shows that AR affects C T = at both the high and ultra-low Re. The AR of the blade presented here are 12 and 27. The C T = increases with increasing AR. Figure  8(b) shows that AR does not affect C Q = at Re ¼ 3 Â 10 6 , whereas it does affect C Q = at Re ¼ 4 Â 10 3 . The effect of AR on C Q = at Re ¼ 4 Â 10 3 was explained above, and the effect at Re ¼ 3 Â 10 6 can be explained as follows. Figure 7(b) shows that at Re ¼ 3 Â 10 6 , C Qi = is larger than C Qp =, a different result from that at Re ¼ 4 Â 10 3 . And the differences in C Qi = at AR ¼ 12 and AR ¼ 27 are negligible. The reason for this relation between AR and C Qi = is the same as that at Re ¼ 4 Â 10 3 . Therefore, C Q = is nearly independent of AR. Note that C Qp = is independent of AR at Re ¼ 3 Â 10 6 because the drag coefficient at the high Re is not strongly affected by . Figure 8(c) shows that AR affects C T =C Q at both the high and ultra-low Re. At Re ¼ 3 Â 10 6 , C T =C Q is maximum at % 5 deg, whereas at Re ¼ 4 Â 10 3 , it is maximum at > 8 deg. It was indicated 3) that a collective pitch for maximum C T =C Q increases as Re decreases, by a simple analysis combining simple momentum theory and blade element theory. On the other hand, an angle of attack for maximum lift-drag ratio of a cross-section of a rectangle with 5% thickness ( ¼ 7 deg) is smaller than that of NACA0009 at Re ¼ 3 Â 10 6 ( ¼ 9:5 deg). Note that an angle of attack for maximum lift-drag ratio of an airfoil/cross-section has a strong relation with a collective pitch for maximum C T =C Q . Therefore, the main reason for the difference of a collective pitch for maximum C T =C Q in Fig. 8(c) is not the difference of the airfoil/cross-section shape but that of Re. For minimizing the power consumption by rotary wings, a collective pitch should be larger as Reynolds number decreases.
Conclusions
Thrust and torque generated by the rotary wings with no linear blade twist were measured at an ultra-low Re ¼ 4 Â 10 3 for various values of blade aspect ratio AR (¼6, 8.5, 13.5) and corresponding solidity (¼0:11, 0.075, 0.047). A comparable wing with linear blade twist of 5.1 deg and AR ¼ 8:5 was also tested. The planform of all the blades was rectangular, and the cross-section shape was rectangular with 5% thickness ratio. The thrust and torque were also calculated by using a method that combines annular momentum theory and blade element theory.
The following were obtained by comparing the results for the wings with no linear blade twist: When the analytical C T = increases with increasing , the differences of the C T = and C T =C Q between the measurements and the analyses are observed. The differences of the C T = and C T =C Q are smaller as AR is larger. At a small collective pitch, the present analysis at the present Reynolds number can make an accurate estimation of performance of rotary wings with a high aspect ratio (e.g. AR > 10).
When the analytical C T = does not increase with increasing , the measured C T = still increased and is larger than the analytical C T =. The C T = at a large collective pitch can not be estimated by the present analysis. On the other hand, at a large collective pitch close to 45 deg, the analytical C T =C Q agrees well with the measured one. This is because the aerodynamic force acting on the wing is nearly normal to the wing surface at a large collective pitch. It was also indicated that a collective pitch for maximum C T =C Q is smaller as AR is larger, comparing the measured C T =C Q . Thus, for minimizing the power consumption by rotary wings, a collective pitch should be smaller as AR increases.
Comparing the C T = and C T =C Q of the wing with the linear blade twist and those with no linear blade twist, the C T =C Q of the former wing is larger than that of the latter, for a given C T . This twist angle (5.1 deg) can improve the characteristics of a rotary wing at Re ¼ 4 Â 10 3 as well as at a high Reynolds number.
1)
The rotary wing characteristics at Re ¼ 4 Â 10 3 are different from those at a high Reynolds number as follows: At Re ¼ 4 Â 10 3 , the torque due to profile drag is much larger than that due to induced drag. Conversely, at a high Reynolds number, the torque due to induced power is much larger than that due to profile drag. Therefore, profile drag of an airfoil/cross-section at Re ¼ 4 Â 10 3 is more important at this ultra-low Reynolds number than at a high Reynolds number. Moreover, a collective pitch for maximum C T = C Q at Re ¼ 4 Â 10 3 is larger than that at a high Reynolds number. Thus, for minimizing the power consumption by rotary wings, a collective pitch should be larger as Reynolds number decreases.
